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Various approaches have been proposed in the literature to estimate the
size of the informal or shadow economy. Following Ceyhun Elgin (2020), the
approaches can be classified as direct, indirect, and model approaches. Direct
approaches provide estimates using direct methods as surveys, interviews, and
questionnaires on households or firms. Indirect approaches infer the size of the
shadow economy using data on economic indicators, such as currency demand or
electricity consumption, or on the discrepancy between actual and registered labor
force or between national income and expenditure statistics. Model approaches
generally rely on the use of a theoretical model, such as the dynamic general
equilibrium (DGE) model and the multiple indicators multiple causes (MIMIC)
model, which is based on the use of a specific structural equation model.

As Elgin et al. (2021) argue, the DGE method has several limitations,
including the need of a base-year estimate of the size of shadow production from
an external source and its reliance on strong and somewhat arbitrary assumptions
on the relationship between the productivities in the shadow and formal sectors.
Mario Solis-Garcia and Yingtong Xie (2018) propose a DGE method for measur-
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ing the size and dynamics of the shadow economy. They apply the method to
a set of Latin American and Asian countries. They set up a two-sector dynamic
deterministic general equilibrium model with four different exogenous trends, and
use the restrictions imposed by the model’s balanced growth to endogenize the
shadow productivity trend. This method would avoid imposing an arbitrary
assumption about productivities in the shadow and formal sectors.

Unfortunately, the method proposed by Solis-Garcia and Xie (2018) does
not serve its purpose of computing the ratio of shadow to formal production.
The reason is that the balanced-growth assumption entails that formal and shadow
output grow at the same rate, and hence their ratio must be constant at all times and
equal to its base-year value, which is taken as given (from Schneider et al. 2010).
The problem should have become apparent in the numerical simulations made by
the authors. They did not notice the problem because of an error in the formula
for computing the growth rate of the productivity shock in the shadow economy.
This error propagated to other variables of the model and, eventually, led to a non-
constant ratio of shadow to formal output, which gave a sense of plausibility to the
simulation results.

The model

The method proposed by Solis-Garcia and Xie (2018) relies on a two-sector
(formal and shadow) deterministic DGE model.

Setup

The economy is inhabited by a representative infinitely lived household who
solves the utility maximization problem:

- 1+
) tctl 7 ¢rHltNt o
max . -0 1o0 T 1wy
{Ct' Ny Ng ¢ Ng, ¢ Kt+1'Xt}t=0
subject to : Ce+Ta X, = (1 - 1) Yp,+(1-pS7)Ys,

N¢=Np+Ngy

where formal output, YF ¢, and shadow output, Yg ;, are given by
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Vg = K?(FF tNF,t)l - M
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In the maximization problem, C; is consumption, N; is total hours worked, X
is investment, T; € [0,1) is the income tax rate, K is the stock of capital, NF;
and Ng ; are hours worked in formal and shadow production, and total output
is Yy =Yg+ Yg . The model includes four exogenous permanent productivity
shocks: in the household’s choice of hours worked, I' g ¢ ; the production of invest-
ment goods, I'y 4 the hours worked in formal production, I'r ; ; and the hours
worked in shadow production, I's ¢ . The parameter B € (0,1) is the discount
factor, o > 0 is the inverse of the intertemporal elasticity of substitution, ¢ > 0 is
the disutility of labor, ¥ = 0 is the inverse of the Frisch elasticity of labor supply,
6 €(0,1) is the depreciation rate of capital, p € [0,1) is the probability of a tax
audit, § > 1 is a tax surcharge, a € (0,1) is the capital share in formal production,
and n > 0 is the elasticity of work time in shadow production.

The government taxes income at a rate T, and uses tax revenues to fund
a stream of non-productive expenditure Gy The informal sector avoids taxation
unless caught by a tax audit, which occurs with probability p , in which case the
government imposes a tax surcharge 8. Thus the government’s budget constraint is

Balanced growth path

Letgzi=Z; [ Z;_ 1 denote the (gross) growth rate of a variable Z, so that
Zy = ZO]_[JI;= 197, (t>0), and let g; ;= T;¢/T;¢—1 denote the growth rate of
the exogenous productivity shock i € {H, A, F, S}, so thatT;; = 1"1-,0[[;2 19, j
(t>0).

Solis-Garcia and Xie (2018) use their equilibrium conditions (expressions
3.5 through 3.15 in their article) to calculate the balanced-growth rates, which

are derived from their conditions (expressions 4.1—4.10 in their article), which we
reproduce for reference:

gc=9a9x=9G= 9y 3

9k = 9x “
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IN = 9INE = 9INg ©)
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gYF— QK(QFQNF)
n (10)
gYS = (gSgNS)
9y = 9y, = 9yg (11)
ga=9dpy (12)

Here, Pxis the decentralized price of investment goods, and income tax rates are
assumed to be stationary, g = 1.

There are 14 equalities in the system (3)—(12).> As Eqgs. (6) and (8) can be
derived from (3), (4), (5) and (11), we can delete them. The resulting system has 12
equalities, so 12 of the 15 growth rates can be solved for as functions of the three
remaining ones. This means that of the growth rates of the exogenous productivity
shocks, one can be expressed as a function of the remaining three, namely, gg is
chosen to be a function of gy, grand g4 .

Computation of the ratio of shadow to formal output

Using their balanced-growth conditions, Solis-Garcia and Xie (2018) com-
pute the ratio of shadow to formal production, Y[g/ g+ = Y5t / Y ¢ by following

these steps:
Step 1. Obtain data for the stock of capital, K, formal work time, N ;, and formal
output, Y ; . Use them to calculate the time series of the observed growth rates

3. Takinglogarithms in (3)—(12), the resulting system is linear in the logarithms of the growth rates so it can
be readily discussed and solved.
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dk.t> GNpt>and Gyp -
Step 2. Select a base year ty and the values of the parameters a, 0, ¥, p,and §.

Step 3. Calibrate the value of the elasticity of shadow work, 7.
Step 4. Calculate the base-year value of shadow work time, Ng to > taking as given

the base-year formal production, Yg o > from actual data, and the base-year ratio
of shadow to formal production, Y;g, Fy, o> from Schneider et al. (2010). Compute

the growth rates of the productivity shock in shadow production, gg 4, from the
observed growth rates and then the time series of the productivity shock, I'g ;.

Step 5. Compute the time series of work time in shadow production Ng ;using that
INgt= INpt = gNF' t This equation follows from the balanced-growth condition

(5) and the assumption that the growth rate of formal work time, INgt> is equal to

its observed value, QNF,t-

Step 6. Compute the time series of shadow output Yg ; = (F s,tNs t)n and then the

time series of the ratio of shadow to formal output Yg, g1 s = Ys ¢ / Yr¢.

Why does this method fail?

Solis-Garcia and Xie (2018) take as given the base-year value of formal
production, Yg to > from actual data, and the base-year value of the ratio of shadow

to formal production, Yg, Fltg > from Friedrich Schneider, Andreas Buehn, and

Claudio Montenegro (2010). Hence, the initial value of shadow output is deter-
mined by Yg tg = Y[ S/Flt Yr to" The balanced-growth condition (11)—Eq. (4.9)

in Solis-Garcia and Xie (2018)—says the growth rate of shadow output is equal to
the growth rate of formal (and of total) output, which is computed from actual data,
IYgt= Iypt= QYF' t The immediate consequence is that the ratio of shadow to

formal output must be constant and equal to its base-year value at every time,

t
Y, ; ;
Yo St =ty +19YgJ _Ysg

= =Y ift> ¢
: Y [S/FL,ty o
YE ty Hj=t0+1gYF,j Fity

or
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¢
Y, mo .
Yst Sty / j=t+1gYS'J B Ys, t,

Ypr Ty,
Fit Fty

Y[S/F],t= =Y[S/F], tO,if t0> L.

t
Y mo .
Ety / i=t+17YFJ

The method, therefore, generates a constant ratio of shadow to formal production
and, therefore, is useless to compute the time series of this ratio. Despite its
obviousness, the problem with this method has so far gone unnoticed, probably
because of the relative complexity of its implementation.

The question that arises now is why the simulation results in Solis-Garcia
and Xie (2018) do not display a constant ratio of shadow to formal production as
they should. The reason is that there is an error in their expression (4.14) for gg
which causes the simulated ratio to be variable. Appendix A shows that the true
expression for ggis

1-7 o(1+x)-(1-9n] (1+x-(1-0)n (13)

=g (0+2) (1-a)(o+x) (0+X)

In contrast, the expression (4.14) in Solis-Garcia and Xie (2018) is

1+7 od(l+x+(1-on 1+x+(1-o)n

g5=g;(0+x)n g; (1-a) o+ g_ (a+x)n

where the differences with (13) are marked in red.
The error in the computation of the growth rate gg ; translates to the produc-

tivity shock in shadow production T'g;= Ts,t, mt

J=t0+lgsf.j if t> tO (or

Ig;= FS,tO / HJtO= . gs,j if tg>1t ), which in turn translates to shadow

+1
production Yg ; = (F stNs, t)’? and, finally, to the ratio of shadow to formal output
Yis/F,e= Yst / Yg ¢ . As a result, the ratio of shadow to formal output is variable

in their simulation results, which gives the proposed method an appearance of
validity. Using the correct formula for gg in the Matlab scripts made available by
the authors, the simulated ratio Yis/FLt is constant, as expected.4

4. The original MATLAB files are available at Solis-Garcia’s website (link). The files, with the error
cotrected, that reproduce the simulated shadow and formal output and its ratio are available from the
journal website (link).
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Conclusions

The DGE method proposed in Solis-Garcia and Xie (2018) was intended to
overcome some of the limitations of previous approaches. Unfortunately, it does
not serve its purpose of estimating the ratio of shadow to formal production. The
goal is valuable, but more research will be needed to achieve it.

Appendix A

Derivation of g

In this Appendix we show that the expression (4.14) for the growth rate of
the productivity shock in shadow production, gg , in Solis-Garcia and Xie (2018)
is wrong, and we compute its true value. To show the scope and the source of the
error, we provide a detailed derivation starting from the restrictions imposed by
the model’s balanced-growth conditions (3)—(12), which are expressions 4.1-4.10
in Solis-Garcia and Xie (2018).

From (3) and (4) we get

gy = 9aA9k- (14)
Using (11) and (14), we have
gy = gYF= gYS = JA9K (15)

whereas (5) states that INg= 9INg = IN- Using (15) and (5), we substitute Ivg and
Iyg with gagk , and substitute INg and gn s with gy, into Egs. (7), (9) and (10),

and get
gugy ¥ =g, %97 (16)
gagy” “=ayn %% (17
(18)

JAIK = 9og

Solving for gpin (17), we get that
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1 (19)
=qgl-«a -1
gN—gA 9k 9g -

Plugging this expression into (16), we have

1 T+ 1+y
l-o,1-0_ I—a -1 = T—a gltx 1+
Solving for gg, we obtain
1 al-0)+o+y 14y (20)

—g oty g (-a)o+)) o+y
[%)¢ gH gA gF >

which coincides with expression (4.11) in Solis-Garcia and Xie (2018). Plugging
(20) into (19), after simplification we get

1 __al-0) l-o 21)
=q O+yx (1-a)(o+x) go+x
IN=9,, 9, grra,

which coincides with expression (4.12) in Solis-Garcia and Xie (2018).
Solving for ggin (18) we have

o &
gs=9g7 g7 gy -

Plugging the expression (20) for ggand the expression (21) for gy into the former
equation (22), we obtain

= -1

1 1 al-o)+o+x 14y

1 _ 1 a(1-0) -0
=gnlg o+x (1-a)o+x) go+yx
9s=9]|9,, 9, g2

To+y _(1—a)(cr+x) o+y
gH gA gF

1 1 _a(l-o)+o+y _l+y 1 a(1-0) l-o
=gn (0+2%) (1-a)(o+x) gnlo+x) got+x gll-a)lo+x) g o+x
gZ anU X gAn a)(o+y ggo X ggI+X gA a)(o+y gFU+X
1-n o(l+x-nl-0)] (A+x-(1-o0)n
=g (0+2n g nl-a)o+n) g (o+x)n
H A F

Thus, we get the true expression (13) for gg , instead of the wrong expression
(4.14) reported in Solis-Garcia and Xie (2018). The error in Solis-Garcia and Xie
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(2018) seems to come from inserting (20) and (21) into the erroneous formula

gs = g114/ ng}g g rather than using the correct equation (22), gg = 1/ ngy ngN
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